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Abstract The two-band s±-wave state is currently considered to be the most promising candidate for
newly discovered iron-based high-Tc superconductors. In this work we study theoretically the ultrasound at-
tenuation in s±-wave two-band superconductors. The impurity effect is calculated within the T -matrix ap-
proximation. In particular, our theory predict that, when the sizes of two order parameter are comparable, a
Hebel-Slichter peak may show up in the ultrasound attenuation versus temperature curves. Our calculations
also confirmed the presence of the resonant impurity scattering at low temperature, observed previously by
other authors[1] in the calculation of the NMR relaxation rate 1/T1.
Keywords Ultrasound attenuation; Iron-based superconductors; s±-wave pairing; T -matrix approxima-
tion
Introduction
The discovery of the high-Tc superconductivity in
iron-based compounds has promoted highly intensive re-
search activities in solid-state physics[2–8]. The maximum
Tc value of this iron-based family well exceeds that in
MgB2 and places them in the vicinity of cuprate super-
conductors. For this newly discovered family of high-Tc
superconductors, the pairing symmetry of its supercon-
ducting gap is a key to understand the mechanism of su-
perconductivity. Extensive experimental and theoretical
work have been done to address this important issue for
iron-based superconductors[7, 9, 10].
From the experimental perspective, the situation is un-
clear. The NMR Knight shift indicates the spin-singlet
state[11–13]. The transition temperature Tc seems to be
robust to impurity effects[14]. While the penetration
depth[15], the specific heat[16], and ARPES [17, 18] indicate
almost isotropic two-gap system, the NMR relaxation rate
1/T1 shows no Hebel-Slichter coherent peak, nor the ex-
ponential decay at low temperature, but rather a power-
like law, usually referred to as T 3 but in reality some-
where between T 3 and T 2.5, which suggest existence of
line nodes[11, 12, 19, 20].
Among many theoretical research studies, the state
mostly accepted as a standard pairing state of the iron-
based superconductors is the spin singlet s-wave state with
sign-changing order parameter (OP), arising from antifer-
romagnetic fluctuation[21, 22]. This state is currently re-
ferred to as the s±-wave state. Sign-changing feature in
the s±-wave superconductor can produce some unique
and distinct superconducting properties. In particular,
many authors have attempted to provide a theoretical ex-
planation for the puzzling 1/T1 data mentioned above
based on the s±-wave state[1, 23, 24]. It is demonstrated that
due to the sign-changing feature of the s±-wave supercon-
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ductor, its Hebel-Slichter coherent peak is substantially
suppressed intrinsically. The low temperature power-law-
like behavior of 1/T1 is explained by the effect of for-
mation of off-centered resonant bound state inside the su-
perconducting gap by impurity scattering in the unitary
limit[25].
It is expected that the sign-changing feature of OP can
also substantially affect the temperature dependence of
the ultrasound attenuation αs in s±-wave superconductors
since the coherence factors for 1/T1 and αs are related
closely similar to that in one-band case[26]. However, no
theoretical studies on ultrasound attenuation have been re-
ported yet, to the best of our knowledge . It is the purpose
of this work to narrow this gap.
1 Formalism
We start with the mean-field BCS Hamiltonian de-
scribing a two-band isotropic s-wave superconductor put
forward by Suhl et al.[27]:
H =∑
k,s
εsk
(
c†s,k↑cs,k↑+ c
†
s,−k↓cs,−k↓
)
−∑
k,s
(
∆sc†s,k↑c
†
s,−k↓+∆scs,−k↓cs,k↑
) (1)
where s(= 1,2) denotes the band index, εsk is the energy
of noninteracting state with respect to the chemical po-
tential, and ∆s, assumed to be a real quantity, is the OP
defined by
∆s = ∑
k′,s′
Vss′〈cs′,−k′↓cs′,k′↑〉, (2)
with Vss′ being the effective electron-electron interaction
within (s = s′) or between (s 6= s′) the bands. The tem-
perature dependence of ∆s is determined by the coupled
self-consistent gap equations
∆s =pi∑
s′
Vss′Ns′T∑
n
∆s′√
ω2n +∆2s′
(3)
for s=1 and 2. In the above, Ns is density of states of the
sth band at Fermi energy, T denotes the temperature, and
ωn = piT (2n+1) is the Matsubara frequency.
Now we calculate the ultrasound attenuation coeffi-
cient αs for our superconducting state using the standard
formula[26, 28]:
αs ∝ lim
ω→0∑q
Im ΠR(q,ω) (4)
where ΠR(q,ω) is Fourier transform of the retarded
charge density correlation function
ΠR(q, t) =−iθ(t)〈[ρˆ(q, t), ρˆ(−q,0)]〉, (5)
with
ρˆ(q) =∑
k,σ
c†kσck+qσ . (6)
In practice, the correlation function is conveniently calcu-
lated in the Matsubara frequency domain,
Π(q, iνm) = ∑
k,s,s′
T∑
n(
Gs(k, iωn)Gs′(k+q, iωn+ iνm)
+Gs(−k,−iωn)Gs′(−k−q,−iωn− iνm)
) (7)
where Gs and Fs denote the usual normal and anomalous
single-particle Matsubara Green’s functions. The summa-
tion over Matsubara frequency can be carried out with the
help of the spectral representation of Green’s functions,
and the result is then analytically continued to the real
frequency axis iνm→ ω+ iδ . We finally obtain
αs
αn
=
∫ ∞
−∞
dω
(
− ∂ f
∂ω
)
[(
∑
s
Ns
Ntot
Re
ω√
ω2−∆2s
)2
−
(
∑
s
Ns
Ntot
Re
∆s√
ω2−∆2s
)2] (8)
where αn stands for the attenuation coefficient corre-
sponding to the normal state, f (ω) is the Fermi distribu-
tion function, and Ntot = N1+N2.
2 Ultrasound attenuation in the clean limit
It is realized that, even for repulsive intraband and
interband interactions (Vi j < 0) the above gap equations
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produce the so-called s±-wave solutions when the inter-
band pairing interaction V12(= V21) is dominant over the
intraband interaction |V12| > |V11|, |V22|[21, 29]; in the s±-
wave state the two OPs acquire opposite signs. In this
paper we will discuss the s±-wave state focusing on the
|V12|  |V11|= |V22| case.
Fig. 1: Ultrasonic attenuation in clean s±-wave superconductor with gap ratio (a)
≤ 2, (b) ≥ 2. One-band BCS result is shown with solid line for comparison.
Note that when ∆1 = ∆2, N1 = N2, Eq.(8) repro-
duces the BCS result of one-band s-wave superconductor,
αs/αn = 2 f (∆(T )), which decreases exponentially at low
temperatures. In the two-band case, however, the situa-
tion can be qualitatively different due to the presence of
the crossing term ∝ ∆1∆2, especially when ∆1∆2 < 0. It
is known that such a term (but with opposite sign) also
shows up in the calculation of 1/T1 for the same s±-
model[1] leading to strong reduction of the Hebel-Slichter
peak. It is found that, in the case of the s±-wave state
αs/αn exhibits a marked Hebel-Slichter peak like 1/T1,
in sharp contrast to the one-band case. We show in
Fig. 1 the temperature dependence of αs/αn for various
|∆2(0)/∆1(0)|, where ∆s(0) is the zero-temperature value
of the OP ∆s(T ). The solid line represents the BCS one-
band result. As can be seen, the Hebel-Slichter peak re-
duces rapidly as the ratio |∆2(0)/∆1(0)| deviating from 1
(Fig. 1(a)). For |∆2(0)/∆1(0)|> 2, αs/αn exhibits typical
behaviors of multiband superconductors; the fully gapped
exponential dependence is visible only in the lowest tem-
perature region (Fig. 1(b)).
3 Impurity effects
In this section, we investigate impurity effects on ul-
trasound attenuation employing the self-consistent T -
matrix approximation[30–32]. It is well-known that, as a
low impurity density expansion rather than a coupling
constant expansion, the T -matrix approximation can be
used to describe impurity scattering continuously from
the Born (weak coupling) limit to the unitary (strong cou-
pling) limit, hence can capture phenomena like the impu-
rity resonance which does not possibly occur within the
conventional Born approximation.
We consider an isotropic non-magnetic impurity
scattering[31] described by
Himp =∑
i
∑
s,s′,k,k′,σ
ei(k−k
′)·Riuss′c
†
skσcs′k′σ (9)
where uss′ is single-impurity potential within (s = s′) or
between (s 6= s′) the bands, and Ri is the position of the
i-th impurity atom. Using the Green’s function approach
one can take into account the impurity effects systemat-
ically within the scope of T -matrix approximation (see
Appendix). In the following calculations, we consider the
ui j = u case.
Now due to the impurity scattering, the gap equations
(Eq.(3)) and the expression of the ultrasound attenuation
coefficient (Eq.(8)) are modified to
∆s = pi∑
s′
Vss′Ns′T∑
n
∆˜s′√
ω˜2s′n+ ∆˜
2
s′
, (10)
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and
αs
αn
=
∫ ∞
−∞
dω
(
− ∂ f
∂ω
)
[∑
s
Ns
Ntot
Re
ω˜s√
ω˜2s − ∆˜2s
2
−
∑
s
Ns
Ntot
Re
∆˜s√
ω˜2s − ∆˜2s
2].
(11)
In the above, ω˜s and ∆˜s denote respectively the renor-
malized frequency and energy gap
ω˜s = ω+ iΣ0s (ω), (12)
∆˜s = ∆s+Σ1s (ω), (13)
with Σ0s (ω) and Σ1s (ω) being the impurity self-energy cor-
rections to be determined in a self-consistent manner (see
Appendix).
In discussing the impurity effects it is convenient to
introduce two dimensionless parameters defined by Γ =
nimp/(piNtot) and c = 1/(piNtotu) where nimp denotes the
impurity concentration. Evidently, Γ measures the impu-
rity concentration and c the scattering strength. The Born
limit and the unitary limit correspond to c 1 and c→ 0,
respectively.
We study first the effect of impurity scattering in
the Born limit (c = 10). Plotted in Fig. 2(a) and Fig.
2(b) are the temperature variation of αs/αn under differ-
ent impurity concentration Γ for |∆2(0)/∆1(0)| = 1, and
|∆2(0)/∆1(0)|= 1.8, respectively. The one-band BCS re-
sult (the solid line) is also shown for the sake of com-
parison; within the T -matrix approximation, the Ander-
son’s theorem [33] is valid for one-band s-wave state lead-
ing to αs/αn unaffected by non-magnetic impurity scat-
tering (see Appendix). Clearly, αs/αn is rather robust for
non-magnetic impurity scattering for s±-wave supercon-
ductors in the Born limit .
Fig. 2: Ultrasound attenuation in the Born limit with (a) equal gap sizes and (b)
moderate gap ratio. Equal strength of intra- and inter-band scattering potential
assumed. One-band BCS result is shown with solid line for comparison.
Next let us turn to the case of unitary limit (c=0). Dis-
played in Fig.3 (a) and Fig. 3(b) are the temperature varia-
tion of αs/αn under different impurity concentration Γ for
|∆2(0)/∆1(0)|= 1, and |∆2(0)/∆1(0)|= 1.8, respectively.
In the |∆2(0)/∆1(0)|= 1 case, the αs/αn as a whole, and
the Hebel-Slichter coherence peak in particular, are sup-
pressed with the increment of impurity concentration Γ
(Fig. 3(a)). In the |∆2(0)/∆1(0)| = 1.8 case, however,
the temperature dependence of αs/αn is characterized by
the absence of the Hebel-Slichter coherence peak, and
the strong deviation from the fully gapped one-band be-
haviour at low temperatures due to the resonant impurity
scattering [25]. Finally, we also have studied the cases with
|∆2(0)/∆1(0)| > 4, and found that αs/αn is almost unaf-
fected by impurity scattering both in the Born and unitary
limits.
4
Fig. 3: Ultrasound attenuation in the unitary limit with (a) equal gap sizes and
(b) moderate gap ratio. Equal strength of intra- and inter-band scattering potential
assumed. One-band BCS result is shown with solid line for comparison.
4 Conclusion
In this work, we have investigated the temperature de-
pendence of the ultrasound attenuation coefficient, αs/αn,
in the s±-wave two-band superconductors with or without
impurity scattering. In discussing the impurity effects we
have used the existing self-consistent T -matrix approxi-
mation, and considered both the Born and unitary limits.
The important observation of this work is that, when the
sizes of two order parameter are comparable, a Hebel-
Slichter peak may emerge in the αs/αn − T curves, in
strong contrast to one-band case. This coherence peak
is robust for impurity scattering in the Born limit, but
suppressed moderately with the impurity concentration in
the unitary limit. Experimental investigation on this is-
sue is highly desired. Besides, when |∆2(0)/∆1(0)| is
large, αs/αn exhibit non-exponential-decay behaviors at
low temperature, in consistent with that observed for 1/T1
in the previous theoretical investigations.
Appendix: T -matrix approximation
For a two-band s-wave superconductor subjected to
impurity scattering described by Eq.(9), the impurity-
averaged total single-particle Matsubara Green’s function
can be written as
ˆ˜G−1s (k, iωn) = Gˆ
−1
s (k, iωn)− Σˆs(iωn), (14)
where Gˆs is the Nambu Green’s function in the absence of
impurity scattering
Gˆs(k, iωn) =− iωsnτˆ
0+ εskτˆ3+∆sτˆ1
ω2sn+ ε2sk+∆2s
(15)
with τˆ i(i = 0,1,2,3) the Pauli matrices, and Σˆs(iωn) the
total self-energy matrix to be solved. We can expand the
self-energy in the form[32]:
Σˆs =∑
i
Σisτˆ
i (16)
with Σ2s = Σ3s = 0 . In our T -matrix approximation,
where processes involving scattering from multiple impu-
rity sites are ignored, the self energy is obtained by mul-
tiplying the single-impurity contribution by the impurity
concentration, reflecting the multiple-scattering effect.[34]
Σis(iωn) = nimp ·T is (ωn) (17)
where T is is the τˆ i component of the T -matrix Tˆs. In
the two-band s-wave case, the equations for the T -matrix
for band 1 are given by (see Fig.(4) for a diagrammatic
description)
Tˆ1(iωn) = uˆ11+∑
k
uˆ11 ˆ˜G1(k, iωn)Tˆ1(iωn)
+∑
k
uˆ12 ˆ˜G2(k, iωn)Tˆ21(iωn)
Tˆ21(iωn) = uˆ21+∑
k
uˆ21 ˆ˜G1(k, iωn)Tˆ1(iωn)
+∑
k
uˆ22 ˆ˜G2(k, iωn)Tˆ21(iωn).
(18)
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Combining these equations above, one can obtain
T 01 =−
i
D
[
u211g1,0+u
2
12g2,0
+g1,0(u212−u11u22)2(g22,0+g22,1)
]
T 11 =
1
D
[
u211g1,1+u
2
12g2,1
+g1,1(u212−u11u22)2(g22,0+g22,1)
]
(19)
where
D=1+u211(g
2
1,0+g
2
1,1)+u
2
22(g
2
2,0+g
2
2,1)
+2u212(g1,0g2,0+g1,1g2,1)
+(u212−u11u22)2(g21,0+g21,1)(g22,0+g22,1)
gs,0 =∑
k
i
2
tr τˆ0 ˆ˜Gs(k, iωn) = piNs
ω˜sn√
ω˜2sn+ ∆˜2s
gs,1 =∑
k
1
2
tr τˆ1 ˆ˜Gs(k, iωn) = piNs
∆˜s√
ω˜2sn+ ∆˜2s
(20)
with the Matsubara frequency and gap functions renor-
malized as
ω˜sn = ωn+ iΣ0s (ωn)
∆˜s = ∆s+Σ1s (ωn)
(21)
The T -matrices for the second band can be obtained by
interchanging the band indices 1↔ 2.
×
=
×
+
×
+
×
Tˆ1 u11 u11 Tˆ1 u22 Tˆ21
×
=
×
+
×
+
×
Tˆ21 u21 u21 Tˆ1 u22 Tˆ21
Fig. 4: Self-energy correction to Green’s function in band 1 within the T -matrix
approximation. The cross (×) denotes the impurity site, and the solid line is impu-
rity averiged Green’s function.
In practice, one can solve Eqs. (17) and (19) together
with the coupled gap equations
∆s = pi∑
s′
Vss′Ns′T∑
n
∆˜s′√
ω˜2s′n+ ∆˜
2
s′
(22)
self-consistently for T 01 , T
1
1 , ∆1, and ∆2, at different
Matsubara frequencies, and then obtain the retarded self-
energies either via analytic continuation or by making use
of the so-called Pade´ approximants[1, 35].
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